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Abstract. Given a Z"*!-periodic variational principle on R"*! we look for solu-
tions # : R® — R minimizing the variational integral with respect to compactly
supported variations. To every vector & € R" we consider a subset .44, of so-
lutions which have an average slope o when averaging over R”. The minimal
average action A(c) is defined by the average value of the variational integral
given by a solution with average slope «.. Our main result is: A is differentiable at
o if and only if the set .4, is totally ordered (in the natural sense). In case that
A, is not totally ordered, A is differentiable at « in some direction 3 € R"\ {0}
if and only if 3 is orthogonal to the subspace defined by the rational dependency
of a. Assuming that the i* component of « is rational with denominator s' € N
in lowest terms, we show: The difference of right- and left-sided derivative in
the i standard unit direction is bounded by const - Sl, .

Mathematics Subject Classification (1991): 58C20; 46G05; 26B25

1 Introduction
1.1 Setting of problem and related topics

The analytical and geometrical setting. The object of study may be viewed within
two different settings — an analytical and a geometrical one. The specific topics
are respectively:

A)  the minimal average action of a variational problem on the
(n + 1)-dimensional torus,

B)  the h-stable norm on the vector space H,(T"*',R) of real
homology classes of a Riemannian torus (T"*!, g).
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A) Within the setting A) the presented work investigates the differentiability
properties of the minimal average action as a function of the rotation vector. We
consider the variational problem lifted to the universal covering R**! of T**!,
The lifted variational integrand F = F(x, u,p) € C3(R*! x R") is Z"*!-periodic
in the first (n + 1) variables. We consider the minimal average action A(c)
belonging to some rotation vector & € R” which may be defined by

Ale) = ué{g’a fim inf \Br| Ja,

F(x,u,Du)dx ,

where B, = {u € C*(R") : sup,cgs |u(x) — ax| < oo} and where B, C R”
is the ball of radius r and center O.

The case n = 1 directly relates to monotone twist maps and thus to dynami-
cal systems: in the phase space the time-1-map for extremals of the variational
problem may be seen as an area preserving monotone twist map and vice versa
[18]. In this 1-dimensional case, the differentiability of the minimal average ac-
tion was first investigated by S. Aubry in the context of twist maps and their
relations to physics [3]. For the corresponding discrete 1-dimensional variational
problem he suggested in his words by ‘physicists ideas’ the following statement:

The minimal average action A(q) is differentiable at irrational rotation numbers
a € R\ Q and generically not differentiable at rational rotation numbers « € Q.

A rigorous proof of Aubry’s statement was given by J. Mather [14]. The
statement translates to the setting B) where for n = 1 the minimal solutions are
interpreted as minimal geodesics on the torus 72. In a more geometrical way V.
Bangert proved the same result for a slightly generalized situation [7].

In case n > 2, the variational problem on T**! was first studied by J. Moser
[17]. If n > 2, roughly speaking, the one-dimensional phenomenon occurs in
every single direction. If e.g. n = 2 and o € Q?, the minimal average action A
is generically non-differentiable at ¢ in the direction e, and e, as well.

If a = (a',0?) € Q x R\ Q the minimal average action is differentiable at o
in the direction e, because of the irrationality of the component a?. The question
of differentiability in the direction e;, however, is more delicate than suggested
by the 1-dimensional case. By the stability results of KAM-theory, the minimal
average action is generically non-differentiable in the direction e; with o' € Q
only if the second component o> € R\ Q is well approximated by rationales
[17]. Thus, the 1-dimensional situation does not fully apply.

In case o € (R\ Q)? one has to distinguish whether « is rationally dependent
or not. If there exists a relation k'a!'+k2a? € Z with k = (k',k?) € Z?\ {0}, the
minimal average action A at o may be non-differentiable in the direction £ while
it is always differentiable in the directions orthogonal to k. If o € (R\Q)? (more
precisely (—a, 1)) is rationally independent, i.e. if ok ¢ Z for all k € Z?\ {0},
the minimal average action is differentiable at « in any direction.

We generalize this result to higher dimensions and give a necessary and
sufficient condition for the differentiability at an arbitrary rotation vector « € R*
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in an arbitrary direction 3 € R" \ {0}. A discussion of the main result is given
in Sect. 3.

B) The notion of stable norm in setting B) goes back to a general construction
by H. Federer. In a slight difference the h-stable norm which is related to
homotopically instead of homologically area minimizing surfaces. If 4 € [T?, T?]
is a homotopy class of smooth mappings f : T2 — T° we define ||%|, =
inf{A(f) : f € 4} where A(f) is the area of f with respect to the Riemannian
metric on T3. Via isomorphism [T2,T*] ~ H,(T? Z) one may continue |.||;
homogeneously to a norm on Hy(T* R). By the Poincaré duality we identify
H,(T3,R) ~ R3. For details see [22].

Within the geometrical setting the results give an answer to a question of the
type:

Which convex bodies in R* may be realized by the unit ball of the 4-stable norm
on Ho(T3, R)?

Recently this question was posed by Yu. Burago for the stable norm on
H{(M,R), where M is a compact Riemannian manifold [10]. One is primarily
interested in the differentiability of such a convex body. Up to now, by the result
of Mather and Bangert, only the case H;(T?,R) is known. Translated to the
geometrical setting our result gives the following answer for the case Hy(T3,R):

Let By, denote the unit ball of the h-stable norm, OBy, its boundary. For v €
R3\ {0} ler O < r < 2 be the degree of rational dependency of , i.e. the minimal
number of linearly independent vectors k € Z°\{0} with k~y = 0. Then the tangent
cone to OBy, at the point 3B, NR*y, v € Hy(T>,R) \ {0}, contains at most 2 —r
linearly independent straight lines. If the set .#6., of non-selfintersecting minimal
surfaces on T> representing vy is not totally ordered the tangent cone contains
exactly 2 — r linearly independent straight lines.

According to [6], for large perturbations of the metric on 73, the set .22,
has gaps for all v € Hy(T? R)\ {0}. Together with the results in [8] this implies
that .#%., is not totally ordered if the degree of rational dependency r of v is
> 0. Thus, the answer to the question above is quite striking: In the sense of
measure the differentiability properties of 0B, may be as bad as it is possible
for a convex body.

The physical interpretations. Besides its own mathematical interest, the study of
the minimal average action is motivated from solid state physics. Corresponding
to the analytical and geometrical setting, the results contribute to the problem of

A’) phase locking in the multidimensional Frenkel-Kontorova model,

B’) equilibrium form for idealized crystals.

A’) The multidimensional Frenkel-Kontorova model may be viewed as a discrete
version of the considered variational problem on the torus (see e.g. {9, 22]). In a
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physical language, the Frenkel-Kontorova model describes ground states of a grid
of particles in a periodic potential with nearest neighbor interactions. Although
the model is discrete, the methods of the variational problem directly carry over.

F. Vallet [23] calculated explicitly for a 2-dimensional example of a Frenkel-
Kontorova-model the minimal average action A(c) and its derivative with respect
to the rotation vector o.. The non-differentiability of the minimal average action
is shown to cause a so-called phase-locking of the physical system. The phase
is identified with the rotation vector o € R” and depends on a system parameter
4 € R* Given p € R” one looks for the unique a(u) such that A(&) ~ ud
is minimal for & = a(p). The phase-function a(p) defined this way is locally
constant if and only if A is nondifferentiable at a(u) in every direction. The
(convex) region in the parameter space {u € R"} at which the phase a(u) is
locked onto « is identified by the subdifferential of A at .. By our results,
the function a(p) typically defines a (n-dimensional) devil’s staircase while the
family of subdifferentials typically defines a fractal structure on {g € R*}. For
details see [22].

B’) The differentiability results of the /-stable norm has its consequences for
the so called equilibrium form of crystals. In 1878 Gibbs proposed to consider
a crystal as a body which minimizes its surface energy under the constraint of
constant volume. The specific surface energy of a crystal face is assumed to
depend only on the orientation of the face. Given the specific surface energy ¢,
the resulting isoperimetric problem is solved by the dual unit ball with respect
to ¢ and thus may be constructed explicitly.

However, the problem is to determine the specific surface energy ¢. Landau
and Herring 1951 investigated an idealized crystal by considering the translatio-
nally invariant lattice structure only and therefrom deduced the typical properties
of ¢. Their model gives a first coherent motivation of Sohnke’s famous recipro-
city law according to which the size of a crystal face is indirectly proportional
to its Miller indices [12].

Regarding the Z*-periodic crystal lattice as a periodic perturbation of the
metric in R, the specific surface energy ¢ may be interpreted as the h- stable
norm ||.|ls on Ha(T3,R) with respect to the projected metric on T3, Indeed,
the corresponding results on the A-stable norm confirm in an astonishing way
Landau’s and Herring’s heuristical statements on the properties of the specific
surface energy and establish Sohnkes’s reciprocity law (compare Theorem 3).

The differentiability properties of the specific surface energy ¢ with respect
to the surface orientation determines the face-shape of the crystal. Each non-
differentiability point of ¢ causes a face in the dual unit ball of ¢ and thus
a face of the crystal. The size of the crystal face is proportional to the size of
discontinuity in the derivative of ¢. Thus, the crystal typically has a face normal to
each rational direction and the size of the faces decrease if their normal directions
becomes ‘more irrational’, i.e. if their Miller indices increase (see [22]).
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Fig. 1. max(@qp, 0o—r) and min(@q.p, 04 —p) are not minimal because of the cusp upwards and
downwards, respectively. Thus, the variational integral over 8,.,), and 6, _, is larger than the varia-

tional integral over the short-cuts given by the dotted lines. This shows (ﬁ - ML_)A(a) >0

1.2 A heuristic argument for the non-differentiability

We restrict to the case n = 1. There is an apparent difference between « rational
and a irrational: If o € R\ Q, the set .#,, is totally ordered. On the contrary, if
a € Q, there are minimal solutions 6,4, and 6,_; in .44, which intersect, i.e.
A, is not totally ordered. The total ordering implies the differentiability of A at
o while the intersection property at rational o implies the non-differentiability.

We give a rough idea of why in general A is not differentiable at o € Q as
soon as a situation occurs of the type depicted in Fig. 1 for a = 0 (i.e. as soon
as A, does no more define a foliation).

For fixed o the minimal average action may be normalized by A(a) = 0. If
h > 0 is infinitesimally small one obtains for the difference of left- and right-
sided derivative

(-i - —d—) Ala) = %(A(a +h)+Aa—h)).

do+ da-—
Since A is convex, the one-sided derivatives exist and the difference above is
> 0. Setting 2T = %, we get by definition of A

d d T . T .
(d— - ——:) Ale) = / F(t, st Oocsn) dt + / F(t,0a-n,0a-n)ds
o+ do T -T
We used that 044 s = lim..o fat.. The following reasoning shows that the right-
hand side above is > 0.

First replace the functions 6,4, and 6,-; by max(fa,0n_5) and
min(fq+s, fa—n) respectively. Of course, this does not change the sum of the total
action from —T to T. Now, the action of max(@,4p,8o—s) and min(G,.p,64_1)
may be reduced in the common edge by ‘rounding’ it (see Fig.1).

Thus, max(@a+h,8a—r) and min(fain,o—r) are surely not the ‘cheapest
ways’ to connect their points at infinity. By minimality, the cheapest ways with
the same asympitoticities are realized by 6, + 1 and #,. But the total action of
G,+1and 0, from T 0T, T = ﬁ, is equal to O by the normalization A(e) = 0
and the periodicity of 6,. Therefore, the total action of max(fpp, @e—_p) and
min(@q4s, 6a—p) including an unrounded edge has to be > 0. Reordering again
the integrals we have shown
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T T
/ F(t70a+h79a+h)dt+/ F(t79a~—ha9.a—h)dt >0.

-T -T

This establishes the non-differentiability of A at o € Q with respect to a generic
integrand F.
If @ € R\ Q the absence of an intersecting point in .#4, implies

d d
(az:*zat)f“a):o

with respect to any integrand F.

Acknowledgment. This work is part of my master thesis under the direction of Prof. V. Bangert. I

would like to thank him for his personal engagement, for many discussions and for critical comments.

2 The variational problem
2.1 The minimal average action

We consider a variational problem on R"*!/Z"*1 of the form

0 0
AQRHF(X,M,DM)dX, D—<W7,—a?{) s

where F is defined on T"*! x R"” and u : R* — R. The conditions on the
integrand F are

(F1)  F=Fx,u,p) e C>*(T x RY),
in particular F has period 1 in x!,...,x",u .
(F2) There exists 6 € (0, 1] such that

n

SIEIP < Y Fpepette” <87'EP VEER",
v

i.e. F satisfies the Legendre condition.

(F3) There is ¢y > 0 such that
[Fpul + [Fpx] < co(1+p]D)
\Fuu| + |Fux| + [Frx| < o1+ |ipI*).

A function u € W,i’CZ(R") is called a minimal solution if for all compactly

supported ¢ € WhZ (R")

comp
/ FE,u+¢,Du+¢@)—F(x,u,Du))ydx > 0.
supp¢p

The regularity theory asserts that minimal solutions again have the same smoo-
thness as F, i.c. in our case u € C%5(R").
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The typical example is of the form
1
F=ZlplP + Ve, VecH @,

where V (x,u) is interpreted as a Z”*!-periodic potential on R**!. For the Di-
richlet integrand F = %Hp“z, the minimal solutions are exactly the harmonic
functions.

On C°(R") we define the Z"*'-action T as follows: If k = (k, k™) e Z"*!
with k = (k!,...,k") € Z" and if u € CO(R") set

Tru(x) = u(x ~ k) + k™.

u is said to be non-selfintersecting (on T"*!) if the T-orbit of u is totally ordered,
i.e. if for all k € Z"*!' either Tru > u or Tyu =u or Teu < u.

One shows that to every non-selfintersecting u € C°(R™) there is a so called
rotation vector o € R" such that

sup |u(x) — ax| < oo . €))]

The set of all non-selfintersecting minimal solutions corresponding to a fixed
rotation vector « is denoted by .#,,. According to [15, thm 5.6] .44, # @ for all
a € R". We say that _#,, defines a foliation of R"*! if to every X = (x,x"*') €
R™! with x € R” there is exactly one u € .46, with u(x) = x"*', For the
Dirichlet-integrand .24, foliates R"*! by affine hyperplanes of slope a.

If a minimal solution u satisfies (1) with some o € R”, we define the minimal
average action of u or a, respectively, as

Al@) = lim
r=oo |By| Jp,

F(x,u,Du)dx
where B, C R” is a ball of radius r and |B,| its volume. In [20, Satz 3.4] it is
shown that this limit indeed exists and does not depend on the minimal solution
u satisfying (1). Moreover, A(a) is shown to be a strictly convex function on R”
[20, Kor. 4.2].

For the statement of the differentiability properties of A(«) one directly may
skip to Sect.3.1.

2.2 The set of non-selfintersecting minimal solutions

Our proof of the differentiability properties of A(a) relies on the uniform
smoothness of the corresponding minimal solutions. For .4 > 0 put . 4 =
U|a|<dé M, . According to the fundamental work of Moser [15, thm 3.1, 4.3]
we have
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Lemma 1 For every 4 > O there is a constant ¢ > 0 depending only on 6 and
co such that for all u € A _4

Duflce < e -

If moreover u,v € Ab_g and u < v in a ball B, then
1
|IDv(x) — Du(x)l| < e1|v(x) —u(x)| forallx e EB .

From the lemma one deduces that for .4 > 0 the sets {u € .#_4 : |u(0)] <
const} C .#6_, is compact with respect to the C!-topology on compact sets [15,
Cor. 3.3].

In the following we describe the structure of the set .#,, as it is established
by Bangert in [5]. To any oo € R" we associate the unit normal vector @; =

”%—g—’%” € S”* of the hyperplane x"*! = ax. We define the lattice

Toz2""'n(@)t ={k €2 :ka, =0} .

Let I, be the projection of I',, to Z" neglecting the last component. Thus
I'y=1{k €Z":ak € Z}. By .#(a,) C .Fb, we denote the set of maximally
periodic u € Z,, i.e.

Ab@)={u € My :Tru=uVk €Ty} .

This set is closed and totally ordered. The graphs of its elements therefore define
either a foliation of R**! or a lamination, i.e. a foliation probably with gaps. In
the case of a foliation one has .#(a,) = 4,

We say that @ = (—a, 1) is rationally dependent iff T',, # {0}, i.e. iff there
exists k € Z**1 \ {0} such that @k = 0. This is equivalent to [, # {0}. If &
is rationally dependent, we will see that the occurrence of gaps in (the union of
graphs of) .#(a,) is responsible for the non-differentiability of A().

Now suppose (—a;, 1) is rationally dependent and suppose ..Z6(a;) gives rise
to a lamination with gaps. Set

Vo =spangl, =spang{k € Z" : ak € Z} CR"

and choose any direction 3 € V,NS"~!, According to [3, (7.1)] there are minimal
solutions u € .#4, the graphs of which lie within the gaps of .#44(@;) and which
have the following asymptotic behavior:

In the direction 3 , u is asymptotic to some u* € .#4(a,) while in the opposite
direction -3 , u is asymptotic to some u~ € .#6(a;). One has u~ < u < u* and
u~,u* are neighboring, i.e. there is no other minimal solution in .#4(a;) lying
between u#~ and u*. To formulate the asymptotic behavior of u more precisely
we have to consider translates of graphu in the directions k; = (kj,kj"”) <Y /el
with lim;_, o kj 8 = Foo. In order to express this last condition in terms of k;
instead of k; we replace 3 € Vo NS"~! by the unique vector 8 € V, = spangl
with the property that
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kB=kB forallk =k, k") eT,

For consistency with the terminology in [5, (4.4)] we set

|m

Ty = — eV,NSs®

Sl

Note that @, L a@;. We introduce the sublattices

Top=Ton (@) ={k € 2" . ka, = ka, = 0}

and I, g = 7(T o) = [uN{B)L, 7 being the projection of Z"*! to Z" forgetting
the last component. With these definitions the set described above of all u € 4,
asymptotic in the directions £ to neighboring 4~ < u* € _44(@,) may be
written as

M@, 82) ={u € Mby: Tru=uVk € Tq g and
Tru > u Vk € T, with k@, > 0} .

If .#(a,) does not define a foliation then for each 4 € V, N S*~! one has
Ab(@y,az) # . The asymptotic behavior of u ¢ .Z6(a;,a,) in the directions
=3 translates to

hmT u—uﬂE

j—o0

if k; € 'y with lim k;a@; = oo .
J—00

The limit lim T u = u¥ is understood with respect to the C'-topology on com-
pact sets. Becausc of their asymptotic behavior, we say that a minimal solutions
u € 6@, ,a,) is heteroclinic in the direction 3 with respect to the Z"*1-
action T and periodic (modZ) in the directions determined by I', g. The fact
that .#(a,) U .#6(a,,a,) is totally ordered [5, (7.4)] will be essential for our
investigation of the derivative of A(«).

Finally we mention that for & € R" \ Q" one has the special class of all re-
current minimal solutions .Z6¢ lying within the set .#4(a@;). A minimal solution
u € M, is said to be recurrent if

u = inf{T7u : ka; > 0} or u = sup{Tzu : ka; <0} .

According to [4, (5.2)] the set ¢ C _46(a;) may be characterized as
the unique minimal set of the Z"*!-action T on .Z4@@;). The set {u(0) : u €
A%} C R is either homeomorphic to R or to a periodic Cantor set depending
on whether .Z6%¢ gives rise to a foliation or not. In the case of a foliation one has
MG = AM(a)) because of the total order of .Z4(a@)). According to Bangert’s
classification of the minimal solution without selfintersection, in this case even
MEES = Mbqo. If on the other hand .Z£7° exhibits gaps one may have strict
inclusions. If o € Q" we have .#(a;) = .44 and this will also be denoted by
NPT
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3 Differentiability results for the minimal average action

In this chapter we state and discuss the main results. Since the minimal average
action is convex, the (one-sided) directional derivative DgA(c) in any direction
B € 8" exists and (D + D_g)A(a) > 0 for all @ € R*. Again we abbreviate
S"~! = {x € R" : ||x|| = 1}. If equality holds at some o € R" for n linearly
independent directions 3 € S"~?, then it actually holds for every 8 € 8”71, i.e.
A is differentiable at «. By convexity, A is differentiable almost everywhere.
Moreover, restricted to the set D C R* where A is differentiable, A|p is even
continuously differentiable [19, thm 25.5].

Although the convexity property determines the differentiability of a function
to some extent, its s-singular points, 0 < s < n, may be distributed in a very
complicated manner. The theorems in the first section describe what is possible
for the minimal average action A. The second section gives an explicit formula
for the directional derivatives of A.

3.1 Qualitative behavior: differentiability in a particular direction

Theorem 1 If ., gives rise to a foliation of R™*! then the minimal average
action A is differentiable at the point o

Conversely, it is not so that A is non-differentiable at « as soon as %,
gives rise to gaps. A further necessary condition is that @ = (—a;, 1) is rational
dependent, i.e. that V, # {0}. In order to decide whether or not the left- and
right-sided derivatives of A in some direction 3 € S"~! coincide one has to
check whether 3 has a nontrivial component in V,, = spang{k € Z" : ak € Z}.

By V- we denote the orthogonal complement of V,, in R”.

Theorem 2 Let o € R*, 3 € R" \ {0} and suppose A6, does not give rise to a
foliation. Then

=0 if eV}

(Dg+D-g)A) { >0 else .

If in particular @ is rationally independent, all partial derivatives exist and A
is differentiable at o (irrespective of whether .#%,, defines a foliation or not).

If n = 1 the minimal average action A is differentiable at any @ € R\ Q
while at & € Q it is differentiable if and only if _Z4, defines a foliation. The
analogous result was found by J. Mather [14] and V. Bangert {7, (5.3)] for a
1-dimensional discrete variational problem. While our proof for the rational case
a € Q", n =1, is based on the same idea as Mather’s work, our deduction of
the irrational case o € R\ Q is simpler. In particular, we do not need to estimate
the convergence of the difference quotient at o € Q quantitatively. The case
a € R*\ Q" is obtained by a limit process. Mather’s argument is replaced by the
fact that the corresponding minimal laminations converge. In the case n =1 it is
enough to consider the subset 7 C .Z,, instead of _#, itself. The reason
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) B

Fig. 2. A situation not arising in the 1-dimensional case. One has (Dg + D_ g)A(a) > 0 since A
itself does not give rise to a foliation although a genuine subset of .#4,, foliates R? even periodically
in the direction 3 (fat lines)

is that for n = 1 the set A%° (= #(a,) for n = 1) defines a foliation of R?
if and only if .#, does. For n > 2 this seems no longer to be guaranteed. As
the following two situation illustrates, the question whether left- and right sided
derivative coincide is more subtle for n > 2:

Suppose that for a € R" with dimg V,, > 2 some subset of .#,, is foliating
R"*1. Assume that the foliation is periodic in a rational direction 8 € V,. Guided
by the 1-dimensional case one could expect that this ensures (Dg+D_g)A(c) = 0.
However, the leaves of the foliation may be heteroclinic in a further direction
Bev, orthogonal to 3 (i.e. lie in .#(ay,a,)). This situation occurs e.g. for the
integrand F = 3|p|* — cos(2nDyu) at a = (0,0) € R? with 8=(1,0), 5= (0, 1).
In this case .#, has to contain necessarily solutions which are heteroclinic in
the direction —5‘ (i.e. lie in .#6(a,, —a>,)) and thus intersect some leaves of the
foliation. Theorem 2 implies (Dg + D_g)A(c) > 0.

The example shows that the existence of a periodic minimal foliation to « in
some direction 3 € V,, \ {0} does not imply (Dg + D_g)A(x) = 0. The crucial
notion to decide whether A is differentiable at & € R” or not is the one of ‘total
ordering’ of #,:

Corollary 1 The minimal average action A is differentiable at o € R" if and
only if Mby is totally ordered. In case that Ak, is not totally ordered, A is
differentiable at « in the direction 3 € Q" \ {0} if and only if o3 € R\ Q.

There is a further difference to the 1-dimensional case. If n# = 1 the minimal
average action for generic integrands F is not differentiable at rational o € Q
while it is differentiable at irrational @ € R\ Q for any integrand F. If n > 2 the
action A(a) is still generically not differentiable at o € Q", while it is always
differentiable only at rationally independent @ € R" \ Q". If @ € R* \ Q" is
rationally dependent the statement is more complicated. (For convenience, we
say that o is rationally independent if & is.) If e.g. & € R" \ Q" is *not too near’
to Q”, a smooth foliation of R**! by .Z%, will survive as foliation under small
perturbations of the integrand F [17], although it may lose its smoothness. Thus,
at such o the set .#%, has not generically gaps and according to our theorem,
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the minimal average action cannot be generically nondifferentiable. This can
even happen if all but one component of « are rational. Conversely, there exist
a € R* \ Q" such that a foliation to « desintegrates under arbitrarily small
perturbations. Therefore, A(«) cannot be generically differentiable at such «.

In any case, for sufficiently large perturbations of the variational integrand F
one expects that .#%,, has gaps for every « in a given compact set K C R". If F
is the Dirichlet integrand such a result is proven in [6]. Assuming this situation,
Theorem 2 says that the differentiability behavior of A is in some sense as bad
as it can be for a convex function.

For an arbitrary convex function f : K C R" — R a point x in its domain
K is said to be s-singular if there exist not more than s linearly independent
directions in which left- and right-sided derivatives at x coincide. Note that x € K
is n-singular if and only if f is differentiable at x. The general theorem asserts
that their are not too many s-singular points {1, (3.1)] :

(2.0) The set of s-singular points of a convex function f : K — R,
K C R" compact, is the union of countably many compact sets of finite
s-dimensional Hausdorff measure (s =0,...,n).

By the degree of rational dependency of @ and o, respectively, we denote the
dimension of V,, = spang{k € Z" : ak € Z}. According to Theorem 2 a point
a € R? with rational dependency of degree r is a (n — r)-singular point if .74,
has gaps. If 46, has gaps for any o in a compact set K C R”, the points @ € K
are (n — dim V,)-singular points of A|g. The differentiability of A|x cannot be
worse: for each s =0,...,n one has to take a union of infinitely many compact
sets of finite s-dimensional Hausdorff measure to get all s-singular points of Alg.

On this background, the continuity properties which may be established for
DgA(cr) with respect to o are not at all evident. We give a condition on the
approximating sequence o/ — « insuring the convergence of the corresponding
derivatives DgA(c') to DgA(c). (See Theorem 4, Sect. 5.3.)

In view of Theorem 2 one wishes to have an upper bound for (Dg+D_)A(c)
in terms of & and 3. Although one would expect stronger estimates, the following
theorem is a first step in this direction.

Theorem 3 Let o € R" and suppose the rational components of o with respect
to the standard basis {e, ..., e, } have the form o/ = g—: withr' ¢ Z and s € N
relatively prime. Let K C R" be compact. There is a constant depending on F
and K only such that for alla € KN Q" and all 1 < i < n with o/ € Q one has

1
0 < (D., + D_.)A(a) < const =
s

The analogous statement is true for derivatives in any rational direction 3 €
Vo with ||3]| = 1. Note that the theorem does not allow to deduce the existence
of the i-th partial derivative of A(a) with & € R\ Q by a limit process since
the corresponding continuity property is not guaranteed. According to Theorem
2 one has to require in addition ¢; € V.
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3.2 Quantitative behavior: an explicit formula

We give a formula for the derivative DgA(a) in the direction 8 which holds for
B lying in V, as well as for 3 lying in V.

Let S'é_l = {H%W € S" 'y € Q" \ {0}} be the set of all rational directions
in R". Given « € R” choose 8 € (V, U Val) N S'é_l. If 8 € V, we associate to
3 the unique vector @y € VNS as defined in Sect. 2. Recall @; = WE—E{:‘%;“
order to not have to distinguish between 3 € V,, and 3 € Vai we abbreviate

In

e Ab(@) U Ab(G1,a2) , if BV,
8=\ @), if Bevy,.

Thus, .4, s consists of all u € .44, which are maximally periodic and, in case
af € Q, moreover of all u € _Z, which are heteroclinic in the direction S.
If n =1 and o € Q other notations for .#, s used in literature are .#%,, or
Ao U A, I n=1and a € R\ Q one has A, g = 6.

The formulation of the main theorem requires a few additional definitions.
Fix an arbitrary minimal solution u,, € .Z4(a;). For 2 C R” let

T (D) = U{ graph ulg:u € My, uy — 1 <u < u,} CR™!

be the corresponding part of the generalized foliation associated to .45, 3. We
define the function

Vap: Fp®) =R, ¥, p(X)=Du(x),

where X = (x,x"*!) and u is the unique solution in %, g with u(x) = x"*!. For
functions u < v € .#, g we denote the open set lying between their graphs by
(u,v), i.e.

(,v) = {(x,x™) € R™! s u(x) < x™! < w(x), x €R"}.

By &, s we denote the set of gaps of the generalized foliation .7, g(R"). More
precisely,

Sp={GC R™! : G is a connected component of (1o —1, U\ F s(R") } .

For each gap G € &, g there are unique u; < ul € .#byp such that G =
(ug ,u). If G C R"™! is a set of the form G = (ug, u;) and 2 C R*, we define

Bg() = / (F(x,ug ,Dug) — F(x,ul, Dub))dx .
2

Without loss of generality we assume the standard situation where V., =
spang{k € Z" : ko € Z} is either trivial or spanned by the standard unit vectors
er,...,e with 1 < r =dimV, < n. In other words, the first  components
of a=(al,...,o", &/, ... o) are assumed to be rational and the last n — r
components are are assumed to be irrational as well as rationally independent.
The general situation is obtained by a linear transformation.
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Put Ep =[0,1]" and R = {A € R: A > 0}. Set Ej, = Eo+R'e; and let
E&ei be the face of Ey orthogonal to e; and containing 0 € R”,

Main Theorem Suppose a € R” with V, =R" x{0}*~" forsome 0 <r <n.
The (one-sided) directional derivative of A at o in any standard unit direction
e; € R", 1 < i < n, has the form

i
D, A(e) = / Fp (X, W) dx' . 2.dx™ + > Bg(E],) )
-% 2; (EODE ) 66%&

where the order of summation over ., corresponds to decreasing absolute
values of Bg (E({ o)

The disadvantage that for n > 2 and o € R" \ Q" one has to precise the
order of summation is overcome with some expense in formula (8) below. An
alternative way of integration in formula (2) is given by the remark in Sect.4.1.
First, we discuss special cases of (2).

If n =1 and o € Q, one shows that generically there exists up to translations
exactly one periodic minimal solution in .#4,. f n = 1 and @« € R\ Q, a
corresponding statement exists for generic monotone twist maps. According to
[13], for generic monotone twist maps and generic irrational rotation number
o € R\ Q, the Aubry-Mather set is hyperbolic. Fathi showed that in this case
it has Hausdorff dimension 0, [11, thm 2.1]. By the correspondence between
monotone twist maps and Z2-periodic variational problems [18] his statement
translates to the set %, ., (0)={u(0) :u € A7 us — 1 <u <uy}.

Thus, for n = 1 and arbitrary o € R formula (2) generically reduces to

d
=~ Ala) = +
ToAl)= ) BeRY), 3)
GEFa,
where ﬁ denotes the right-sided derivative with respect to .

For the 1-dimensional discrete variational problem a formula analogous to
(2) is established. In [14] it corresponds to the expression for K*. In case o € Q
our formula (3) corresponds to (8.4a) in [2], where the derivative of the average
action is calculated for the standard twist map in the anti-integrable case. Aubry
not only shows that in his anti-integrable case the derivative jumps at all rational
rotation numbers « but even that the variation of A vanishes on the set of all
irrational o. However, if we do not assume to be near the anti-integrable case
and we only know that .#%, exhibits gaps, similar questions remain unsettled
even for n = 1.

While in (2) the first term cancels if (JG has full measure, the second
term cancels if .44, defines a foliation. In this case .#, g is equal to .Z, for
any 3 =e¢;, 1 <i < n. Moreover, the function ¥, = ¥, g is independent of
and may be considered as a function on Eg = [0, 1]**! with ¥, (¥) = Du(x) for
u € Abo with u(x) =x"*', From the main theorem we deduce
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Corollary 2 If Z,, gives rise to a foliation, the partial derivatives of A at o
exist and

iA(a) =/ Fpi(x,¥o)dx 1<i<n. 4)
Oad B,

Since the existence of all partial derivatives of a convex function at some
point implies its differentiability at this point, Theorem 1 follows immediately,
see [19, 25.2].

Proof of Corollary 2 If a € R" and {2 C R” set
F ()= U{ graph u|o i u € Ab@1), ug — 1 <u <uy }.

We show that irrespective whether .44, defines a foliation or not one has

/ F (%, Up)de' 5. dx™! = / F (%, U,) d¥ , )
FalE,) FalEo)

i.e. that the domain of integration . Z,(Ep) = {¥ = (x,u(x)) : x € Ep,u €
A(G)), ue — 1 < u < u,} may be restricted to those X with x' = 0. (However,
(5) is not true in general if on both sides %, is replaced by %%, ., .)

Let U}(x, 6) be the function from [15] conjugating the lamination .Z£(@,) to
the affine foliation {ax + ¢ : ¢ € R} of R**!. Thus, for any ¢ € R the function
x — UX(x,0x +¢) defines a minimal solution in .#4(@,) and up to a countable
number all solutions in .#4(a@;) have such a representation. Moreover, U (x, ) is
monotone and upper semi-continuous in § and satisfies the periodicity properties

Utix +e;,)=Utx,0), Ulx,0+1)=Ut(x,0)+1,

with 1 <i <n, see [15, thm 6.3]. If D = (Dy,...,D,) with D, = ;& +a* 3
and x"*! = UZ(x, ) one has ¥, (X) = DU}(x, ). Setting U = U and Up(x,0) =
lim, o %(U (x,0+7)—U(x,0)), the desired equality (5) translates to

/_ F,(x,U,DU)Ugdxl.'f.dx"d():/_Fp.-(x,U,DU)U,,dxde, (6)

0, Eg

where E‘},ei = Ey N (e;) . This last equality itself is obtained by substituting the
Euler equation F,(x,U,DU)=> D,Fpe(x,U,DU) in

X (F, -Ug+ Y Fpv-D,Ug)dxd0
P

v=1

0=/ x"gF(x,U,DU)dxw:
, 00

Eq

and integrating the term x'Up Y D, F,. partially n times with respect to D,.
Using the periodicities of U and F all summands up to the one with i = v cancel
and left- and right-hand side of (6) remain with opposite sign. This establishes
formula (5) and by the main theorem the corollary is proved. [
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Moser presented in [15, 16] a regularized variational problem for minimal
foliations of T"*!. The corresponding regularized minimal foliations tend uni-
formly on compact sets to our generalized minimal foliation with a parameter
e — 0 [21]. Since the corresponding functions ¥; describing the regularized
foliation is differentiable for € > 0, the partial derivatives of the minimal ave-
rage action A®(a) with respect to the regularized variational problem may be
computed explicitly by

¥

%As(a)=/EOF;(Y,W;)dY, 1<i<n
see [16, (8.10)]. According to the corollary, the same formula remains true in
the degenerate case € = 0, although ¥, = lim._,o ¥S need not be differentiable
anymore. In [21] it was shown that for € — 0 the minimal average action A%(c) of
the regularized problem tends pointwise to A(a). If .4, gives rise to a foliation,
according to the corollary, the derivative DA®(«) likewise converges to DA(w).
Using Theorem 2 and the convexity of A one even shows more :

DA% () tends pointwise to DA(a) at o € R* with ¢ — 0 if and only if Ab,, is
totally ordered.

Finally we replace the sum in formula (2) by a sum which surely is absolutely
convergent. The idea is to integrate not over the domain Eg, cut out of some
natural periodicity domain E, g of the solutions in .#4, s but to integrate over
such a periodicity domain itself.

Let .5, = {ey,...,e,} denote the standard basis of R*. We still assume the
standard situation where V, = R" x R*™" with r = dimg V,,. By E, C R" we
denote the fundamental domain of R" /T, spanned by the standard basis .7, on
Vo, 1.€.

E,= span[o’l]{slel7 .. 87e b x spang{ersy,...,e,} ifr =1 N

and E, = R" if r = 0. Notice that for 8 € %, NV, the set E; 5 1s a genuine
supset of E, while for 8 € %, N Vof* the set is ‘half’ of E,. For a = 0 one has
in particular Ey = [0, 1]".

If 3 € %, is an arbitrary standard unit vector we consider the sublattice
Iap=Iyn (B8)* with the corresponding fundamental domain E.pg=E,+Rj
of the quotient space R" /I, g. Within E, g the following subsets are specified:

ES 3 =EoN(B)" and Ef =E, ; +R'3.
In particular £, , =E* _,. Incase « =0 and 8 € %, we have E2 , =[0,1}" N
p a8 = o8 0,8

(B)* and |Eg 4| = 1. Moreover Iy g = {k € Z" : k3 = 0}. On the set of gaps
I's, 5 we define the equivalence relation

G Top Gy <= Jke€lysxZ suchthat G =G, —k,
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r
where Gy, Gy € %, 5. Let %, 5/I0 5 be a system of representatives of ~ .
Now, for every G € %, g/Ip 3 one has BG(E;’ﬁ) = ZBH(E({ﬂ), where the

by
sum has to be taken over all H € %, 5 with H "~° G . Formula (2) therefore
rewrites with 3 = ¢; in the form

1 4 1
DsA(a) = / By (%, Tup)dx' 2.dx™ + Y BoELy, ®
B<E(§5> Gega’p/fb,g

where the sum may be shown to converge absolutely.

4 Proof of the qualitative behavior

We deduce Theorem 2 and 3 from the main theorem. In order to compare left- and
right-sided derivative DgA(a) and D_gA(c), respectively, we expand the domain
of integration E} +p to the common periodicity domain E, g = E} sUE, _gof
solutions in % .8 and b, _g. The comparison of |, Eup F(x,u Du)dx with

u € Mby +p together with a standard reasoning counting the order of growth of
the variational integrals on E, g will prove the first part of Theorem 2. The strict
inequality in the second part of Theorem 2 is based on the maximum principle
for partial elliptic differential equations in addition. The proof of Theorem 3 uses
a further estimate of the size of the gaps defined by .#(a;).

Choose a € R”. Without loss of generality we assume that the standard
basis %, of R" is a-admissible for the chosen a. Reordering the basis this is
equivalent to the standard situation where V, = R" x {0}"~" with r = dim V.
We discuss briefly the question of existence of B(;(E;, ) as well as of the sum
in (9).

First, the integrand in Bg(E, 5) may be estimated uniformly by

|F(x,ug,Dug) ~ F(x,ug, Dug)| <
< const - [ug (x) — ug (x)] - (max [F, (¥, p)| + max [|[F, (&, p)|| + 1)

To deduce this inequality apply the fundamental theorem of calculus and the esti-
mate of Lemma 1 (compare formula (15), sect. 4.2). The existence of Bg(E} 8
now follows from vol,.1{X € G : x € E} 3} < vol T"! =1.

Second, we give a rough idea why Zce? 5/ FOﬁBg(E ) 1s absolutely
convergent and thus independent of the order of summation. Since each gap G €
a5/ To,6 projects injectively into R" /I 5 the union of all {¥ € G : x € Ej 4}
with G € &, /10,6 has finite n-dimensional volume. This would no longer be
true in general if Ej, ; were replaced by E, ;. However, in order to prove the
finiteness of } ;e 5/ Tos |BG(E;, )| it is by minimality of uZ enough to argue
with the boundary E & o8 of E* o5 (modZ") instead of E* P itself. For, the standard
reasoning using the mlmmahty as well as the asymptoticity and periodicity of
ug and u§ on EJ 5 (see the proof of Theorem 2 in the next section) leads to an
estimate of the form |BG(E], 5)| < const-vol,{X € G :x € EJ 4}.
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4.1 Proof of the (non-)differentiability in a particular direction

The differentiability criterion of Theorem 2 and 3 will be deduced from the
explicit formula stated in the main theorem. We say that some orthonormal basis
B C Syl ={gr €S 1 x € Q"\{0}} of R" is admissible for o € R”
(short: a-admissible) if & C V, U Vo}. Recall that V,, = spang I, = spang{k €
Z" : ok € Z} C R". We assume the standard situation where the standard basis
JB., is admissible for o € R". i.e. A, CV, U ch'. If 8 € 4, is a standard unit
vector we abbreviate

B(a, B) = F, (%, ¥y 5)dX BG(E! o). 9
(e, B) /%Yﬁ(Egﬁ)ﬂp(x ®dx+ > Bo(ELp )

Ge% /T8

corresponding to the right-hand side of (8). By the main theorem DgA(a) =
B(a, ).

For a convex function on R”, the set of directions § € R” in which left- and
right-hand sided derivative at some point & € R" coincide, is a linear subspace.
In order to deduce Theorem 2 from the main theorem it is therefore enough to
show

B(a,B) +B(a,—P)=0 if € BNV, and >0 if e B NV,.

Note that by the assumption on « one has spang(FBp NV L) =VE.

Proof of Theorem 2 for 3 € S NVg.  Since in this case Mo g = Mo, -5 =
Ab@y) and E, g = E, one obtains

B(a,f)+Bla, =)= Y (Bo(Erg)+Bc(E )= Y. BoEa),

GE%/FO,g GE%/I})Jg

where &, = &, 3 = %, _p is the set of gaps of .#4(a@;) lying between u, — 1
and u,, u, some fixed solution in .Z(a,).

We show that for each G € &, one has Bg(E,) = 0:

Suppose Bg(Ey) = fEm (Fx,ug,Dug)— F(x,ul, Duf))dx > 2¢ for some € > 0.
For Q = [—1,1]" and 7, large enough the restriction to the compact domain
Eo N 7,0 still satisfies Bg(E, N 7.Q) > e. By the periodicity of G in the
directions e, ..., e, one concludes Bs(7Q) > (s%)’ for 7 > 7, large enough.
This says that the variational integral of u}; over 7Q is of order 7" less than the
variational integral of u; over the same domain 7Q.

Now, a contradiction to the minimality of u; may be deduced. For this pur-
pose we construct compact variations of u; supported by (7 +1)Q and agreeing
with u§; on 7Q. The additional portion of these variations joining ug with u}
on the set (7 +1)Q \ 7Q may be estimated from above by a factor const - 77!
as follows:

Since the set {(x,x"*') € G : x € E,} projects injectively into T"*! its
volume is < 1. The functions u; and uf; therefore have to converge in the
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directions e,41,...,€, to each other in a way insuring fbd(TQ) lus —ug|dx <
const - 77! for infinitely many 7 € N. By bd(rQ) we denote the boundary of
7Q. Recall that G = (ug ,ug) is periodic in the directions ey, .. ., e,.

While the win for the variational integral of ug is of order 7" if it would
agree with ug on 7Q, the loss of joining uf|,¢ to a compact variation of ug is
only of order Tt Obviously, this is a contradiction to the minimality of Ug
for 7 large enough and proves Bg(E,) < 0.

The technique of counting orders presented here will be cited as the standard
reasoning. For details see {4], in particular (6.9)-(6.13). Interchanging the rdles
of ug and ug yields Bg(E,) =0.

Under the assumption .%, = {ey,...,e,} being a-admissible, we therefore
have shown
B(a,8)+B(a,—B)=0 forall B . B, NVLE. O (10)

If in case § € .5, NV, we add B(w, ) and B(w, —3), the integral term in
(9) will no longer cancel. However, we may transform B(a, 3) such that it again
has this property. This allows us to establish the positivity of B(«, £)+B(a, —3).

To 3 € A, NV, we associate g, € "NV, according to sect. 2.2. A subset
P C M@, a,) is called a filtration (of ..Z4(a,,d,)) if it is invariant under the
Z*'-action T on .#6(a@1,a,) and if to every gap G € %, there exists u € &
with graph u C G. By &2 we denote the set of gaps of

U{ graph u : u € Ab(a,) U P} C R™!

lying within (s — 1,u5) = {(x, ") € R"! : u,(x) — 1 < x™! < uy(x),x €
R"}. A filtration &7 C _Z6(a,,d>) is called discrete if & /I g is discrete with
respect to the C'-topology. Let ¥, be the restriction of V.5 to F(R"), ie.
W, (%) = Du(x), where u € _#6(a;) with u(x) = x"*1.

Lemma 2 Choose o € R” such that the standard basis 5, is a-admissible, i.e.
P, C Vo, UVE. Choose 8 € B, NVy. If the filtrations . C (@, +a») are
discrete one has

B(a,£03) = :t/ BF,(X,¥,)dxX + Z BH(Eiﬁ) .

FalBS ) HED, [T p

The proof is postponed to sect. 4.2.
The summation term in the lemma may be simplified by interpreting the
partial sum

> Bu(ELp), Ge%flvs. (11)
He%p /Top

HCG

By discreteness of 4. this partial sum is an infinite sum of telescope and there-
fore reduces to one integral.
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For any G = (ug,u$) € %a/lop fix ug + € % with graphug + C G.
Let s € N be the smallest natural number such that s 3 € I',,. Equivalently, s is
characterized by a8 =  where r € Z and s € N are relatively prime. If o8 =0
we have s = 1.

Note that uf € .#6(a,) is periodic mod1 with respect to translations
758, 7 € Z, and that | J ., 758 + Eq = Eq . Since ug . and ug _ are asym-
ptotic in the direction 8 and —@ respectively for any G € &,, the expression
(11) simplifies to

BE(Eqp) = lim (F(x,uG +,Dug +) — F(x,ug;, Dul)) dx .
, TEN ES pH-T7Isp ’ !

The limit exists since it corresponds to a special ordering of summation in (11)
and since this last sum is absolutely convergent. From the lemma we conclude

Corollary 3 Let H, be a-admissible for o € R". For any 8 € 5B, NV,, one has

Bath=t [  SEEEIR: Y BEE.),

FalEg 5) Ge%/Top
B(a,$)+B(o,—B)= > BE(Eap)+Bg(Eap) .

GeZ/Top

Remark  Since by the main theorem DgA(a) = B(a, 3) in case that the standard
basis .7, is o-admissible, formula (2) takes the new form

D Al@)= | Fu(x,U,DU)Updxd0+ Y  BE(Eap.)
Eo GEZ /T,

We used (5) and the notations there. In case that .#%, does not have gaps and
thus %, /I, =0, the formula above is the same as the formula for %M ()
in[16,ch. 8]. 0O

Proof of Theorem 2 for § € 9B, NV,. By the main theorem it is enough to
show that

BG(Eqg)+BG (Eqp) >0 (12)

holds for each G € &,. If G € &, define G+ = (max(ug, -, ug ), u&) and
G— = (ug , min(ug,—, ug,+)). Using the fact that for any 7 € Z

/ F(x,ué,DuE)dx:/ F(x,ug ,Dug)dx
E(:)B+[T—l,'r]:ﬁ E:’ﬁﬁ'[T-—l,T]sﬁ

(= |[Eqa| - A(e)), we obtain

B§(Ea,p) + Bg (Ea,p) = BG+(Ea,) — Bg—(Ea,g) -
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By the standard technique explained in the preceding part using the mi-
nimality of uf; and ug one proves +Bgi(E,g) > 0. However, since ug—
and ug., intersect, the maximum principle states that neither max(ug—, ug+) nor
min{uG_, 4g4+) can be minimal on E,, g, see e.8. [4, (6.1)]. One therefore actually
has £Bg+(Eqy g) > 0, from which (12) follows. O

Next we prove Theorem 3. By the main theorem (Dg+D_)A(c) = B(w, )+
B(a, —B) for any 3 € %, and according to Corollary 3 one has to estimate the
summands BS(Eq,3) + Bg (Ea, )

If t ¢ Rand G € %, we denote by wf; the n-dimensional volume of
{xeG:x€Ey,p,xB=t}.

Lemma 3 Let K C R" be compact. Suppose 9B, is c-admissible for o € K and
8 € B, NV, There is a constant depending on F and K only such that for all
Ge %, andallt €R

0 < B{(Ea,p) + Bg (Ea,p) < const (Ws)* .

Proof of Theorem 3  The assumption o = a8 € Q with # = ¢; € %, in
Theorem 3 is equivalent to 5 € .5, NV,,. According to Corollary 3 and Lemma
3

(Dg+D_p)A(e) < const - > (W)’ (13)
GeEZ, /Top

holds with any 1 € R.

Let af = { € Q be as below of Lemma 2. Remember that G is periodic
mod 1 under translations with s € I, C Z".

To every G € &, let 0 < t5 <sbe:suchthatu)§;G Swiforall 0 <t < s
and thus by periodicity for all £ € R. One estimates

YoowE< > wi<t, (14)

GeZ, /o, GeEZ, /T

where the second inequality holds because Ugeg, /r, ,{¥ € G : x € E] 5}
projects injectively by R™! — R™!/Z"*! into the face ES’ 5 of Eg =[0,1]1 .
Since the set {x € G : x € E,} projects injectively into E( one has fos whdt <1
for any G € %,. The special choice of 7 implies wf < % Replacing one factor
wg in (13) by % and applying (14) we get

1
(Dg +D_g)A(e) < const P

proving Theorem 3. [



364 W.M. Senn

4.2 Appendix: a chapter of virtuous calculus

Proof of Lemma 2 We restrict to the case +3. Note that the lemma is trivial if
Ab(@,,a2)/ o, p itself is discrete with respect to the C'-topology. To prove the
general case one has to show that

S BuELg= / B, Wap)dX+ > Ba(ELp),

He?@_/l—b)g ‘%"ﬁ\%(Eﬂc’yﬁ) GE%,G/FQ,p

where Z, g \ F(2) = F, s(0) \ F(2) for 2 CR".

The technique is to refine the fixed discrete filtration &% successively until
it will fill up the set #(a;,d,). Of course, if &7 2 &7 and &7 is a discrete
filtration, the left-hand side above will not change. It is therefore enough to
show that for such successive refinements of &2 the right-hand side will be
approximated by the right-hand side. The integral term in the formula may be
interpreted as an infinitesimal version of ZBG(E;’, 5) when the volume of the
gaps G tends to 0.

For any discrete filtration & C .#4(a,,a,) we decompose &» into comple-
mentary sets % = G5 U Eh with G5 = 9, 3N %p and T, = S \ G5
A sequence of discrete filtrations & C _#(@1,d>) is said to converge to
M@, T), P — M@, T), if | U{G € T3} — U{G € %} with respect
to the Hausdorff metric on subsets of R**!. In a complementary formulation,
using the regularity of the minimal solutions, & — .Z(a,,d,) iff

N g - ug)x) — voly(Fap \ Fax))| — 0
GeZ)

uniformly in £ 4.
We rewrite the expression Bg(E,, 5) applying simple calculus. First

ug @)
F(x,uE,DuE):F(x,uE,Du5)+/ Fu(x,&,Du)dé+

ut(x)

n 8 3 3 B B
+Z$(uc — ul)Fyi(x,ug , Dug )+ O(|Du; — Dug|®  (15)
i=1

with an error term bounded by

nn+1)
2

0| Dug — Dug|P)| < 67 1Dug — D> < const- |ug —ug|?.

6 > 0 is the constant in (F2). According to Lemma 1, using the periodicity and
the total ordering of .#4(d;,a,), the constant may be chosen independently of
x € E}, g and G € Z. One obtains
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ug x)
Bo(E2 ) = / / Fox, €, Duly) dédx+ (16)

&0x)

/+ ZB (UG — ug)Fyi(x, uG,DuG)dx+/* O(lug — ug|>)dx .

o,8 i=1 a,ﬁ

Summing up the right-hand side over all G € % /I 3 one has to cope
with the difficulty that this sum need no longer to converge absolutely. We fix
some discrete filtration &4 C .#(a;,ay). Since for each H € % the (n + 1)-
dimensional volume of {X € H : x € E 5} is finite, we may first restrict the
sum to all G C H and then add over all H C%n/lhs.

Let us consider a sequence of discrete filtrations & converging to .Z4(a,dz).
Fix H € %. In order to determine the limit limg ) BG(E} 3) Wwe treat each
of the three terms in (16) separately.

A) By elementary calculus one shows that in the limit &2 — _44(a,,d,) we
have

ug (x)
. + _
lg;l E / / Fy(x,&, Dug)d&dx =

L)

—/ F,(x,¥ p)dx .
HOF g\ FalEL )

To realize the limit process one uses the uniform estimates of Lemma 1 and
the smoothness (F1) of F.
B) In the limit &” — #(a,,a,), after summation, the second term of (16)
leads to

n

. 0 _ e
lgl Z _/+ W(MG — ug)Fyi(x,ug,Dug )dx =
Gegh/nyg A IS
GCH
= / BF, (X, Uy 5)dT + / F,®, o 6)d¥ .
HNF ) \Fa(ES ) HOF \FlEL )

To check this equality one first has to integrate by part in all directions ¢; € %,
and to use that in the directions te; the gap H € &, g either is periodic or
converges to zero. Then apply the Euler equation

n
d o -
> 57 Fo (%, G Dug) = Fu(x, ug , Dug)
i=1

and take the limit &” — _#46(d1,d»).

C) Since for any G € ¥, the function |ug — ug;| converges uniformly on
E} 5 to 0 when P — Mb(d@,,aq,) and since the restriction of H to E* 5 X Rhas
finite volume, one gets
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lim / O(lug —ug|Hdx =0.
Ge®, /Ty p «p
GCH

Adding the parts A) - C) it remains the term f BF,(X, ¥, 5)dx only. Sum-
ming over all H € & /I 5 one obtains

i Y BeEle= [ BFy (%, Vo ) ¥ , an

GEZL/Top G0\ Fa B 5)

where the union (%, g \%(E; ﬁ))/l" 0,5 of all integration domains is replaced
by Fap \ FalEg g)-

It remains to show that for the complementary set &, we have

lim Y Bo(Elg= Y BoElg).

GeZ2 /I, GEZ, g/,

The limit exists since Y €%/ Ty 5 Bg (E;;, 8) 18 independent of the discrete filtra-
tion &7 and since the complementary limit (17) exists. Since &5 = &, gNEp C
%, and & — A6(G,,a7) the limit on the left-hand side defines a particular e
order of summation of the sum at the right-hand side. O

Proof of Lemma 3 Choose G = (4~ ,u*) € &, and assume t = 0. We define
functions v+ and v~ which coincide with ¥~ on Ef; s and which connect u~
with u* in the direction 3 respectively —z.
Letbe Efly={x €Eop:0<xB<1},E p={x €Eap:—1<x8<0}
and set
vE@) ZuT(x) £ xBt —uT)x) ifx €ETp.

Let us abbreviate

BE' = / (F(x,vE, Dvt) — F(x,u*,Du*))dx .
EFY
We show with the standard reasoning using the minimality of ug that

BE +B;' > Bi(Eop) + B; (Eap) -

In the following, the left-hand side will be estimated from above by const-(wg)?,
proving the lemma. Using elementary calculus one may substitute

v (x)
F(X,vi,Dvi)=F(x,u+,Du+)+/ Fu(x,&,Du*)de +
u*t(x)
", 9
+Z W(Ui — M+)Fpi(x,vi,Du+) +O(|DvE — Du™|?) . (18)
i=1

According to Lemma 1, the error term is bounded by
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hn+1)

0(IDv* = Du*[[)] < 671 ==

IDvE — Dut|> < const - [u* —u™ .

Moreover, since F € C%¢, one has for £ € [u~(x),u*(x)] the estimates

|Fy(x,€,Du*)y — Fy(x,u*,Du*)| < const [u*(x) —u"(x)|,
IFP.-(x,vi,DuJ') — Fpi(x,u®,Du™)| < const [u¥(x) —u~(x)|.

Inserting the last three estimates in (18), applying the mean value theorem
and the fact u~(x) < v¥(x) < u*(x), we obtain

BG' = / | (@F —uFu(x,u*, Dut) +
B

o,

+ Z %(vi — uMF,i (e ut, Dut) + O(lu* —u™ %)) dx .
—

Again, we integrate the summation term n times by part and substitute the
Euler equation ) ;_, %FP.- (x,u*,Du*) = F,(x,u*, Du*). Because of the periodic
respectively asymptotic behavior of ¥~ and u* in the directions ¢; € %, all
boundary evaluation cancel up to one. It remains

Béﬂ‘:i/
E

Using the second estimate of Lemma 1 we obtain

(* —u")BF,(x,u*,Du*ydx + /ﬂ O(lu* —u=|>)dx. (19)

o
o,p B

B(‘§]+B§1 < const/ . wt —u" )Y x)dx <
EZLUED

o,

< const ( (™ —u")(x)dx)* < const (w2)?. O
G
E_UEY

5 Proof of the formula for the directional derivatives

We first prove the main theorem for all rational « (sect. 5.1). The general case
is deduced by a limit process. We give a short overview of the proof.

If « € Q" the problem of determining the derivative DgA(c) essentially
reduces to the one-dimensional case. This is due to the fact that by periodicity
it is enough to consider the variational integral on a compact set times Rg.
Evaluating explicitly the difference quotient with the help of calculus and taking
the limit we show by some detour

DsA(e) = B(e, B), witha € Q",B € (Vo UVL)NSH!
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and B(a, B) in the sense of (9). This is the statement of the main theorem for
rational o .

To prove the main theorem in the general case we have to establish this
equality for arbitrary o € R" and arbitrary 8 € (V,UV )N S'é_l. The difficulty
is that the directional derivative is not continuous in general. Let us fix some
acR*\Q"and B € (V,UVN S'é‘l. The idea to overcome the difficulty is
to look for a particular sequence o’ — « with o’ € Q" such that

lim DgA(a’) = DgA(e) aswellas  lim B(o',8)=B(a,8) . (20)

To ensure the continuity of the limit Dg(a’), &' — «, it is by convexity of A
enough to require
. o —a
lim

a’ —o ||a’ —Ot“ =

B (@ eqQ", D

see Lemma 8. The continuity of the limit B(¢/, 8), @’ — «, is more delicate. It
is based on the continuity properties of the corresponding generalized foliations,
i.e. whether .#6, g tends to .6, s or not. To ensure this convergence one
has to impose restrictions on the rational dependency of o’ : The approximating
foliations e.g. have to exhibit at least the same periodicity as the foliation one
wishes to approximate, i.e. T C I . If 3 € V,, this condition will be weakened
since it is no longer compatible with (21). This will be done in sect. 5.2.

It is easy to find a sequence & — « such that the corresponding foliations
converge and such that (21) and thus the first equality in (20) is satisfied. Fixing
such a sequence we In a first step show

lim B(e/,0) < B(a,p),

see Lemma 9. By our technique, however, the reversed inequality may not be
ensured in a direct way. Now we use the first equality in (20) and the fact that
we already proved DsA(c') = B(c/, §) for o/ € Q". From the inequality above
we deduce

DgA(e) < B(a,fB), for Be (VoUV)INS, ' ,acR. 22

In a second step, if with the same « and 3 a sequence o’ — « satisfies
I, C Iy with o € Q" (but in general violates (21)) we show

lim B(a”,8)+B@",—B) > B(o, )+ B(a, —B) ,

see Lemma 10. Since DgA(a’) = B(a, B) for rational o’ and since by convexity
of A the derivative DgA(a) is upper semi-continuous in & we deduce

DpA(a) + D_gA(a) > B(e, ) + B(a, = 3) .

Both steps together show that actually equality holds in (22). This establishes
the main theorem in the general case.
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5.1 The formula for the rational case

Given a € Q", we determine the (one-sided) derivative DgA(c) in the direction
g e B, ={ey,...,ey}. Let a € Q" have components o = ;—, with ! € Z and
s € N relatively prime. Assume 3 = e;. For o € Z set

: 1, .2
E7 =spany, {05 e1,5%€s,...,5"en} .

Note that E° = E_, 4, E'=Eqand |J,cz E° = E, g . For o € N choose solutions
v € /@’::A, s=s', and fix u, € AP If 2 CR" and w € Whl,f(R") we

so

abbreviate
I(w,Q)i/ F(x,w,Dw)dx .
0

Since every solution v? is maximally periodic, E¢ is a periodicity domain for
v7. In order to get the minimal average action it is enough to average the corre-
sponding variational integral over one periodicity domain[20, 3.5]:

g

SO

1
A(@) = ——1I (g, E°) and A(a+

) I(v°,E?) with o € N.
|E°|

E

Since |E?| = os|E°| one gets
DgA(a) = lim os(Ala+ ﬁ) —Ala)) =
T—00 ags

= lim !
= om0 E7]

(W’ ,E°) —I(un, E?)) . 23)

We have to show that the last limit converges to B(w, 8) as defined in (9).
It would be favorable to know explicitly how the graphs of v? lie within the
generalized foliation .26, g. Since we do not know enough of the minimal solu-
tions v we replace them by a conveniently defined function w? with the same
periodicity as v?. However, since w” needs no longer to be minimal, the price
we pay is that we only obtain DgA(a) < B(c, 3). The reverse direction will be
guaranteed by a further consideration (Lemma 5).

We define the functions w? interpolating between certain level functions
up = uj € Mo, 0<p <o, with up=us—1<u <. <ty = g
Let & C .#(a,,ay) be a filtration such that up to Z"*'-translations to each
gap G € &, there is exactly one ug € 97 with graphug C G. Recall that by
definition of a foliation &7 is invariant under the Z"**'-action T. For p € Z set

EP' = {x €Eqp:sp<xB<s(p+1)}=clE”\EP).

For every g € N we define level functions u, € .Z6(a,) U &7 with maximal

vertical distance é recursively by up = u,, — 1 and

. 1
Upr1 =max{u € A@)U P u <ug, (4 —up)|gen < a}
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if u, € Ab(@). In the case u, € 26(a,,d,) we set
. _ 1
Ups1 =max{u € A1) : u < o, (U — up)|ges < 5} )

By a compactness argument in the vertical direction one shows that to every
q € N there is a o = g(g) such that u, = u,. Moreover, ¢(g) tends to infinity if
and only if g does. Finally, we construct the functions w® on E° by connecting
the levels u, in the direction 3 in an ascending order:

w7 |gea(X) = up(x) + (%é - P) (upr1 —up)x), 0<p<o-—-1.

Note that E° ={J{E”»! :0< p<o—1}.
Lemmad4 I[fa € Q" and §=¢, € . B, one has
lim (I(w?,E®)— I(uq,E?)) = |E°|B(a, ) -
g ->00
Since v? and w? have the same periodicity and since v“ is minimal, we

have I(v°,E?) < I(w?,E°). Replacing 3 by any standard unit vector te;,
1 <i <n, we get with (23)

DﬁA(a)SB(avﬁ), aEQnyiige‘%)O'
The proof of the main theorem in the rational case will be completed by

Lemma 5 Ifa € Q", § €.%,, then (Dg+ D_p)A(a) > B, B) + B(e, =) .

Indeed, with the inequality above DgA(a) = B(a, 3) holds for a € Q*, 5 &
HB.. 0O

Proof of Lemma 4  We show that I(w?,E%) —I(u,, E?) converges to B(a, ),
where we interpret B(«, 3) according to Corollary 3. The technique is once more
to substitute

w7 (x)

F(x,w”,Dw”)=F(x,up,Dup)+/ Fu(x, &, Duy)dé+
up(x)
. 0 o o o 2
(W — up)Fyi(x,w”, Dw?) + O (|lupsy — u,|*) . (24)

+y —
L~ Oxi
i=1

Recall that for the last termn we used the estimate of Lemma 1. For each of the
four summands we evaluate the limit ¢ — oo separately.

A) We consider the contribution of the first term only of (24) to I(w?,E%) —
I(uq,E°). Since I(u,E') (= |[E'|A(@)) does not depend on the choice of the
maximally periodic u € .#4(d,) one gets
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o—1
> Uy, EPYy — I(ua, E') =
p=0

=Y Y A EPY—IuE,EY .

GE¥, 0<p<o—1
graphu,CG

Recall the notation G = (ug ,ug) where uGi € Ab(@@). If for indices p < o’

the graphs of u, and u, are contained in the same gap G, by construction
U, = Uy = ug 4 for some ug . € P C 46(a,,ay). Therefore, for fixed G € Z,,
the inner sum tends with ¢ — oo to

lim I(ug 4+, E~" UE?) —I(ul,E~° UE®) = B (Eayp) .
ag—00

Summing as above over all G € &, one obtains

o—1
Jim Y (1, E?) ~1we, E?Y) = ) BE(Eap)
p=0 GEZ,
= |E°| Y Bi(Eap).
Ge%/p

The last equality follows from the invariance of .#%, s under I s-translations.

B) Let the component a3 = £ of a be relatively prime and set 1= —(sB8,r).
For 0 < p < ¢ we define the translations

— a - — o = =
Wy =w, = Tpl w and v, = sz Up .
_— - - — 1
If moreover A, = Tp[ Ups1 Tpl u, for x € E’ one gets

x(

=~ Dp () =w(x) — up(x) = wpx) — vp(x) .

The contribution of the middle term in (24) to I(w?,E°) — I (u,,E?) takes the
form

w? (x)

g-1
S [ [ R buagar -
‘om0 JEP

up(x)
g1 -’:—5Ap(x)
=/ Z/ Fu(, 0, + € Dv)dE | dx .
o

As A\, (x) shrinks to O with 0 — 00, one shows with elementary analysis that

o—1 %Ap(x) xﬂ
lim Z/ Fo(x,0,+& Duy)dé = = F,(x, W) dx"*! .
T =00 p:O 0 A %(x)
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The crucial point is Moser’s estimation [[Du,.y — Du,|| < const |upey — u,| of
Lemma 1 as well as the C%*-regularity of F. The convergence is even uniformly
for all x € E'. Thus, in the limit ¢ — oo the second term in of (24) contributes

/ x—ﬂFu()_c, v, dx .
FaEY S

C) The contribution of the third term in (24) to I(w?,E°) — I (1o, E®) is

o—1 n

; /Epf (Zl %(wa - “p)pr(xaw",Dw”)> dx =
p= i=

_ o—1 n xﬂ P
A

et 5 Oxl
p=0 i=1

Dy (X)Fpi{x, wp, Dw,)

Ap(x)

N

+ Fpl(x,wp,pr)) dx .

Integrating the inner sum # times by part and using the periodicity on E!, all up
to one boundary evaluation cancel. Note that w,(x) = v,(x) + % Ay (x) on E 1
and that v, as well as A, have E' as periodicity domain. This way, the whole
expression transforms to

oc—1

Z(/E Dp(x)Fp1(x,vp, Dy) dx

=0 Ots3
xf .9
Y LN 2 F(x,v,,D dx).
[ 5 0 03 g te 0
Since F € C%¢ we may insert with help of Lemma 1
0 0
WF i(x,wp, Dwp)dx = bx—iF H(x,vp, Duy)dx + O(| A, (x)]°) .

Using the Euler equation Y E%Fpi (x,vp,Dvy) = F,(x,v,,Dv,) the second term
above tends for 0 — oo and fixed x € E; to

a—1

tim 30 A, ()Futr 00, Do) + O £ ] e = -

iﬂ-Fu(f7 Wa)
A

p=0
Because of ZZ:OI A, <1 and A, > 0 the error term O(.) indeed contributes

nothing in the limit. Therefore, the whole expression ZZ:OI( .) above tends to

/ Fpu(%,W,) dX — / Z‘—[-3-1%,(;?,%)(1)?.
FolE®) AN

with o — oco. Note that FA(E° + s0) = F(E®°)
mod e, . Since F(E°)mod e, actually is 1-periodic in all the standard di-
rections ey, . .., €, this expression may be rewritten by
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E°| BF, (¥, Ua) d¥ — / B & w.ydr .

FalES 5) FEYH S

Recall that E§ = [0, 1]" N (B)* with B=e; and ES s=E°.

D) As arguing above, the estimates of A (x) imply that the last term in (24)
contributes nothing in the limit:

o-—-1 o—1
Jim ; /Em |(Ups1 — up)(x){*dx = lim_ ; /E | Ap (0)?dx =0

Adding the contributions of all four parts A) - D) one gets

lim [(w°,E%) —I(uy,E°) =
a—00

=|E°| / BFp(X,We)dX+ Y Bi(Eap) | . O
%(E&ﬁ) GE%/F@)ﬁ

Proof of Lemma 5  According to Corollary 3 we have to show

(Dp+D_p)A(@) > Y BE(Eap)+Bg (Eap) -
Ge% /o p

For arbitrary three continuous functions #; : R* — R (i = 1,2,3) let
md(uy, 4z, u3) : R* — R be the middle function defined by the following requi-
rement: If x € R" and i,k is a permutation of 1,2, 3 with 1; (x) < u;(x) < ui(x)
then md(u;, uz, u3)(x) = u; (x).

Let us define the set

(41, Uz, uz] = U{E"" :p€Z,3x € EPY with uy(x) < up(x) < us(x)} .

Fix any enumeration of %,. For ¢ € N choose the first o gaps in %,.
Reenumerate them by G; = [y, ,u/], 0 <i <o —1, in a way that 4} < u &
i <jforall0 <i,j <o—1. Without loss of generality we assume u; = uo—1.

_ + per
Set u; = uq and choose v=7 € A Lo
We consider the variational integral of v*? and v™7 restricted essentially to
the part of ¥*° lying within the i-th gap G;. For each 0 < i < ¢ — 1 we define

ALY = I(md(w ,vE u), 7,0, uf]) = vol,[u7, v, u1- Ada) .

Note that vol,[4;”, vEo, u;] is an integer multiple of vol,(E!). Loosely speaking,
A% (i) is the additional amount of the variational integral needed to join the
bottom u;” of the gap G; with its top u; along v*°. This amount is bounded
from below by B (E,, ). The sum may be estimated by

AL+ A; (i) > BS (Eap) + BG(Eo,p) - (25)
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To check this inequality more detailed, one has to apply the standard reasoning
as it is described in the proof of Theorem 2, part one.

For the part of v*? and v~7, respectively, lying between two successive gaps
G; and G;;; we define similarly

AEG, i+ 1) = I(md(uf, vE7,u7), [uf,vE7,u;, 1) — vola[uf, vE, u7,1- Ada).

Using the periodicity and minimality of 4~ and u;, one shows with analogous
standard arguments as above

ArG i+ D)+ A (E,i+1)>0. (26)

The next equality is just a reordering of the various summands:

o—1

D (AL + AzG,i+1)=

i=0
=T, [ug — 1,07 ua]) — voly[ug — 1,017, ua] - Afa) =
=J(wE?, E*%) — I(ug, EX9) .

Note that those parts of the variational integral which were counting twice, one
at times cancel with a term vol,(EP!) - A(a).

Finally, we add the two versions + of the last equality. Inserting (25) and
(26) we get

I, E?) ~ (ua, E7)+1(v™ 7, E7%) = I(ua, E™) >
o—1

> 3" B, (Eo,p) + BG(Ea,p)
i=0

In the limit 0 — oo we obtain with (23) the desired inequality

|[E°{(DpA() + D_pA(@) > Y BE(Ea,p) + BG (o) =
Ge%,

=|E°| Y Bi(Eap)+Bg(Eap). O
GES /T s

5.2 Limits of generalized foliations

In order to establish continuity properties of B(a, 3) in ¢, one first has to prove
this properties for the corresponding sets .#, 3. We show that for any o € R”
and B € (V,UVHN S’é’l there is an approximating sequence o’ — « such

that limy/ o Ao 3 = Mbn s and such that moreover limy/ o “Z—::‘;‘—“ =pfis
satisfied. Recall that the latter condition will be used to ensure the convergence
of the corresponding derivatives DgA(a’) to DgA(w).

We expand the definition of .4, s in Sect. 3.2 by setting .#, 3 = .Z6(a;) in
the case 3 =0 as well as in the case g € S'é_l with 3 & V. By limy o Aoy g

we denote the set
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loc

lim Ay p={uc Wh2R") Vo Juy € Mby 5 such that lim u, =u},
a' —a o' —a

where the limit lim u,, is understood with respect to the C!-topology on compact
sets.

Lemma 6 Let o € R be arbitrary and 3 € (V, U V)N S'é—l or 3=0.1If
o — a with o € Q" is any sequence satisfying T, C T for all o then

Um Aby g = Abop
o —a

Proof First we show limy—q Mo g C Abo, . Assume that § € V,. Since
Vo =R" for o € Q", the set b, s is well defined. Recall that T, 1,8 = {k =
k,k"*y ¢ T, : kB = 0}. From ', C T, one concludes I, 8 C T + g and
since moreover I'y g =Ty ﬂl"a/ pitholds To\Ta g CTow\Tw . IfBe Ve
or 3 =0, by definition I’ g = I', and both inclusions again are true. Therefore,
in any case u € My p satlsﬁes

Tru=uVk€Tap and Teu>uVk € To\Tap withka, >0. (27)

Recall the definition of @, in sect. 2.2.

Moreover, every u € limy o %4 3 again satisfies this property. Since by
definitions .#, 3 consists of all u € ., with property (27), one concludes
that limg/_, o -%a’,ﬂ - %a,ﬁ-

To establish the converse inclusion, we have to approximate a given v €
A, 5 by solutions uy € Ay g. Assume o # . Due to the intermediate value
theorem and the Z"*!-periodicity of .#4, g, there exist xos € [0,1]" and uy €
Abor g With g (Xor) = V(Xe). By Moser’s compactness theorem [15, Cor. 3.3],
there is subsequence o’ — « such that limg/_,4 U4, exists and corresponds to
some u € .#6,. The first part of the proof states that even u € .4, g. Moreover,
u and v coincide at every accumulation point of x4+ € [0, 1]*. Since the set .24, g
is totally ordered [5, (6.22)], we conclude u = v. The C'-convergence is due to
the regularity properties stated in Lemma 1. O

We want to weaken the condition 'y, C T in Lemma 6. If 3 € VN S'é_l
one finds a sequence o’ — « satisfying (21) as well as I'y C I' . The second
condition is equivalent to @} = % 'S V »» Where Vi is the orthogonal
complement of Vo = spangl ', within R"*!. Note that by assumption on 3 we
have @, € V , too. Property (21) states that the sequence @} — @ has to
satisfy lim oi—at- I" ” =ay. If now 8 € Vo, NSH” 'ie. @, € Vo NSE, a sequence
a; —a € Va with (21) and @} € Va (and thus T, C T/) may no longer be
found. For this case, Lemma 6 is modified in the following way:

Lemma 7 Suppose « € R" and 3 € Vo N S'é_l. Let o/ — o, o/ € Q", satisfy
T'ogCTy and @) -@>0. (28)
Then lima'_,a -/%a’,ﬂ = %a,ﬂ .
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Remark 1f 8 =e; the condition @) - @, > 0 is equivalent to (&/) > o/. O

According to condition (28), the vector @] may be varied within the or-
thogonal complement of Taﬁ and such that it lies within the half space
{x € R"*! : xa, > 0}. Note that @, is orthogonal to I'y g too. Thus, if
BeVen S'é'l one finds a sequence &' — « with property (21) as well as (28).
The lemma states limy/ o Ay g = Abo p for this sequence again.

To prove the lemma we rewrite the condition (28) in the somewhat compli-
cated manner

TogCTy and ka,>0ifkeT o \Tqy withka, >0.
B 1 B

One concludes that for o’ having this property any u € .#6, s has to satisfy
the key-property (27) of the preceding proof. The proof is therefore valid for
Lemma 7 as well.

5.3 Continuity properties of DgA(.)

We establish the main theorem for the remaining case a € R" \ Q". As a general
fact for convex functions we need

Lemma 8 Suppose f : R" — R is convex, « € R" and 3 € S'é_l. For any

. /_
sequence o — a with o' # a and limy 4 Tar—ar

= (3 one has
._a” /8

Jim Dgf (&) =Dgf(a) .

Apart from the convexity, the proof of Lemma 8 uses the local Lipschitz-
continuity of f [19, thm 10.4] and the upper semi-continuity of Dgf(.), see [19,
cor 24.5.1 and thm 24.6].

We show in a indirect way that B(., ) is continuous with respect to a
particular sequence o — « as well.

Lemma 9 Let 5B, be a-admissible, « € R” and 3 € Fo. Let the approximating
sequence o/ — a, o € Q", satisfy 'y C Iy in the case 8 € B, N Val
respectively (28) in the case 3 € HB, N V,. Then one has

lim B(o', ) < B(a, ) .

The proof is postponed to the end of the section.

Now we use that one already knows DgA(a’) = B(a/, 3) for o € Q" and
B € #,. Let &' — « be a sequence with o' € Q" and limy ﬁ = .
Suppose it moreover satisfies I, C I'o/ or (28), respectively. The existence of
such a sequence is discussed in the preceding section. Combining the last two
lemmas we get

DpA(e) < B(a,B) if B, CV,UVE, Be B, . (29)

Equality will be established by
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Lemma 10 Let J, be a-admissible, o € R" and B € FBo NV, If 0’ — «q,
o € R", is an approximating sequence with ', C T o then

lim B(a/,)+B(a' — §) > B(a, ) + B(ar, =) .

(If instead of 'y, C I'ys we only assume (28), the statement of the lemma is no
longer true in general.)

Notice that for 8 € %, N V;-, the inequality of Lemma 10 trivially holds
for any sequence o — «a with « € Q" : by (10) one has B(a, 8)+B(a, —3) =0
while by convexity B(c/, 3) + B(a/, —8) = (Dg + D_g)A(a’) > 0.

Before proving the lemmas we deduce the main theorem and some further
result. We again use that for o’ € Q" we already showed B(a/, £5) = D4 gA(¢)
with o' € Q" . From Lemma 10 and the notice above it follows that

(D +D_p)Ala) 2 B(o, B) + B(a, =),

with any 3 € %, . Here we made use of the upper semi-continuity of DgA(.)
In view of (29), this proves the main theorem:

If o € R" with 5B, C V, UV then DgA(e) = B(a,, 8) Y B € .B,. O (30)

Finally, we summarize the limit behavior of B(., ) and formulate it as
continuity property of DgA(.). Actually, we have established the limit behavior
of B(.,p) for a different class of sequences o’ — « than occuring in Lemma
8. This circumstance may be converted into a stronger continuity property for
DgA(.).

Theorem 4 Let o € R" and o/ — «, &' € R”, be an approximating sequence
with T C T forall . Then forall B€ V, UVE

lim DpA(e’) = DpA(@) . (31)

In the case 3 € V-, (31) is true for any sequence o' — a, o' € R”.

The theorem generalizes the fact that Alp is continuously differentiable at a
rationally independent point o € R*, D denoting the set of points where A is
differentiable.

Proof Suppose f : R* — R is convex and (Dg + D_p)f(a) = 0. From the
lower semi-continuity of Dgf(.) one concludes limy/_,o Dgf(a’) = Dgf (o) for
any sequence o — a, o’ € R". The second part of the theorem therefore follows
from Theorem 1 and 2. The first part is proven with the same idea:

We may assume that .%, is a-admissible. Let o' — o satisfy T'y, C T .
Using (30), Lemma 10 states

lim (Dg + D_p)A(e’) > B(a, B) + B(a, - 3) .

But the upper semi-continuity and again (30) yield
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lim DypA(a’) < DipA(c) = B(e, £5) .

Combining this two inequalities, the proof will be completed. O

Proof of Lemma 9 We use the same technique as in the proof of Lemma 3 and
4. The idea is to replace B(a/, ) by a quantity B%(c/, 8) for which we know
the limit behavior with respect to &’ — «. We first show, roughly speaking,
that B¢(a/, B) is greater than B(c', 8) and second, that B¢(a’, 3) converges to
B(a, 8) as o' — a. This proves the lemma. Some preliminary definitions are
needed.

~ Suppose, exactly the first 7 components of « are rational, thus E, having the
form (7). If 8 € . 5B, NV,, say 3 = e,, then

E} 5=spang  {s'e;,...,s""'e,_1} x spang.{e,} x spang{er1,...,€n} .
If e %, N ch', say 0 = €41, E; s has the same form with r replaced by
r + 1. We restrict ourselves to the case 3 = ¢, € J, N V,, the other case being
similar. For 7 € N we define the subset

r

0, = span[o’ll{slel, U LA PR span[o’ﬂ{e,} X span[_T’T]{em, cey€n}

of E;ﬁ. Set 02 = Q, N {B)L. Fix an arbitrary £ > 0 and choose 7 = 7(¢) € N
such that

> vl {FE€G:x€EJ5\Q orx €bd(@)\02}<e. (32)
GE%,,&/F@JQ

This is possible since } vol,{X € G : x € E; 5} and ) vol,u{¥T € G : x €
EJ 5} is less than 1 when summing up over all G € &, 5/1% 5.

Next, we approximate the gaps in a fixed system of representatives %, /1o g
by those of % 3/l Note that, according to the preceding section
limy/ o Ao g = Aba,p. To every o of the sequence and every G € %, 5/T0 5
choose G§; € % g/ 10 g such that for an appropriate EZ; € Io,p x Z the translate
G — E’G best approximates the gap G (with respect to the Hausdorff metric)
when restricted to the compact set G N (Q, x R) C R™! | In particular, one has
limy o (Gf — Fé;) = G. It may be that the same G’ is needed to approximate
different Gy # G, in &, /I 5. For a given G’ € % /T g let - be the set
of all G € &, g/l g with G’ = G, Define

Vo= |J k6+0- CELg,
Ge%!

where kg = (ki, (ki)™ is as above. If %% = @ put Vg = §. Put Vg, =
Ve N {B)L. Since the gaps in % are pairwise not equivalent with respect to

~’ the union defining Vg is disjoint for ¢/ sufficiently close to o and fixed 7.
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Now, we are ready to define the quantity B¢(«/, 3) approximating B(c, 8).
For any G’ € &y g we define the function vg: on EJ, 4 by

| oug () + xBuf — ug)(x) ifxg <1,
”G’(x)‘{ w (o) o ifx8>1.

By assumption on o we have E;, 5 C E 5. Recall G’ = (ug,, u¢,). For 2 CR”
we abbreviate

B(l;,(ﬂ)é/(F(x,vGI,DvG/)—F(x,ug-,,Duz“;,))dx.
2

The expression B*(c’, 3) is defined by

Bs(a',ﬂ)ﬁ/ BF, (%, U 5)dX + S BL(EL 5\ Ve)+
%’,B(Eoo,/s) G'e€¥%, g/Top
+ Y. Be(Ve).
G’E%I’B/Foyﬁ

A) First we estimate B%(a/,3) from below with help of B(c/,3). For two
sets Gy, G» € R” we denote the symmetric difference by G;AG;. Since the
convergence limy/ o Ay g = Mbop is C! one has with arbitrary fixed 7

Z vol, ({¥ € G : x € bd(Q,) }A

GEZa,p/lo8

AFeG,—Fyixe bd(QT)}) <e
for o’ close enough to a.. From (32) we in particular conclude

> vol {F€G :xebd(Ve)\ VS } < 2. (33)
G'G%Ihﬁ/[‘o’ﬁ

Using the minimality of ug;, one by the standard reasoning shows
Bé,(E;,’ 5) > BGI(E;,7 5)- (Compare also the explanation to formula (35) below.)
Taking into account the estimate (33), one gets with some little modification of
the arguments

> BL(ELs\Ve)>= > BoiEL 5\ Ve)—2¢-const.
G'eZ. 5/l G'e%y g/lop

The constant only depends on F and some compact set containing « in its interior.
This shows that for o’ close to «

B(d/,8) > B(c/,8) — 2¢ - const .

B) Second, we establish the convergence of B*(¢/, 8) to B(a, §) with respect
to the limit o’ — «. More precisely, we show
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| im B*(¢/, ) — B(a, 8)] < 5¢-const,
a' —a

where the constant depends again only on F and some compact set containing
o. Since € > 0 is arbitrary, this together with part A) proves the lemma.

1. We claim that the last term of B¢(¢/, ) may be estimated by

> Be(Vo)— > Bg(ELp)| <2¢-const, (34)
G’G?a;,ﬂ/]'b,g GEZ 5/ T8

if o is sufficiently close to «. By definition we have

Y. Be(ed= D, By p(Q0).

G/E%IYB/FO,‘B Ge'(fa,ﬁ/[‘o,ﬁ

Since ., 3(Q.) is compact and the convergence .y g — Abs g is C! (sect.
5.2), the right hand side converges to ZGE% 5/Tos Bs(Q.). Therefore, estimate
(34) follows from A

> Ba@)— > Bo(Elg)|<e-const. (35)

Ge%p/lop Ge%%p/lo8

The proof of (35) uses the standard reasoning (see sect. 4.1) which will be
briefly outlined again. Let Bg C R” be the ball of radius R > 0 and center at the
origin. On (E; s \ Q) N Bg we construct with help of uf; compact variations of
ug; and vice versa. Since both, u; and u/ are minimal, we get from (32)

Z |BG(E 5\ @r)| < € - const

GeZu s/l

by taking the limit R — oo. The arguments rely on the periodicity of u; and
ug in the directions e;,...,e,_; as well as their asymptoticity in the remai-
ning directions e,,...,e,. In order to apply the minimality, we use the fact that
Yvol,{xeG:x¢€ E;, 5Nbd(Bg)}, when summing up over all G € &, 5/10 s,
tends to O for a sequence R — oco. (Compare the proof of Theorem 2, part one.)
Formula (35) is just the complementary formulation of the estimate above.

2. Considering the definition of B*(¢/, 3) and B(«, 3) it remains to show that

lim / BE, (X, Vo p)dT+ > BL(EL 5\ Vo) | -
T o

o —o E° )
0,8 G'e%y 5/Top

«—/ BF,(x,¥s,p)dx | <3¢-const. (36)
Fp(E )
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As in the proof of formula (19), we integrate B(l;,(E;,7 5 \ V) n-times by
part after substituting (18). Ignoring the gap V- in the domain of integration we
get

B(l;,(E;/VB) = / (u&r — ug)BFy(x,us, ,per)dx
ED
al,8
where pg:(x) € R” are middle values satisfying ||(pg: — Dug,)(x)|| < const -
(ug, —ug,)(x) . Hereby, all up to the remaining term cancel due to the periodicity
on E;, 5 of the functions involved. Taking into account the gap Vi, we have to
correct this equality to

BL(EL 5\ VG/)—/ W —ug)BFy(x,uge,por)dx | <

aol’a\VG/

< const - vol,{¥ € G’ : x € bd(Vg)\ V§ }.

The term ZB(‘;,(E& 5 \ Vi) in (36) may therefore be replaced by

> / (ufs — ugBFy(x, ugs, per)dx (37)
G'E%/’B/I—bﬁ Es’ﬁ\VGD’

with an error term bounded by 2 ¢ - const according to (33). We decompose this
sum in a sum of integrals each of it with integration domain restricted to Eg 5.
Consider the set

%.0%={G' € G p:G' =G —k for some G € %, 5/T5 and k € Z"'}

and put ?a],’ja = G\ % Although for o/ — « each gap in &, 5 will
collaps, their union may furnish in the limit a subset of F g(Eo3) C R™!
of positive measure. We have to take into account its influence to the limit
limy o BE(c/, B).

For o' close to a we have

U {xeG :xeVi} = U {* € G’ : x € Eg 3} modZ™"
GlE%',ﬁ/Foyﬁ G,E?(:/:EB

by definition of Vg:. Taking on both sides the complement within the set
Usres,, 5{7 € G': x € Ej g} modZ™*' one obtains

U {FeG:xeElz\V8} =
G'€%, 5/Top
= |J {Fe€G :xcEjp) modz™ .
G'eZs,

By AAB we denote the symmetric difference of the sets Aand B. If G € &, 5
choose G'(G) € &, g such that the n-dimensional volume of {X¥ € G'(G) :
x €Ejgt A{X € G :x € Egp} is minimal. Defining
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G 3={G' € Gy 5:G' #G'(G) forall G € Z, 5}

one has according to (32) for o/ close (o «

vol,, U {TeG :x cEjg} A U {(TeG' :xeEjp} | <e.
G’E%{;Eﬁ Gle%/’ﬁ

From the last identity modZ"*! above it follows

vol, U {x€G':x € EY g\ VS ImodZ™ A
GIG?;/:&/FO”@

A U {f€G' :x € EgglmodZ™ | <¢.
G’Ef?;,,ﬁ

Thus, for o close to «, the sum (37) is up to an error term of order ¢ -const
equal to

Z / (ug/ - Ma;)ﬁFp(x, uz;/,p(;/)dx .
Ess -

Therefore, via formula (37), the term ) Bcl;,(E;,7 3 \ Vi) in (36) may be replaced
by this last sum. Because of the additional error term 2&-const of (37), the total
error does not exceed 3e-const.

Finally, the expression

/ BFy &, W g)dT+ Y / & — ug)BF,(x, ub, per)dx
Far p(Eg ) G’e?‘,ﬂ Esp

has to converge for o’ — « to

/ BF,(x,¥, 5)dx .
Z,

78S 5)

by elementary analysis using the regularity of uGi, and F. This proves (36) and
with it part B). O

Proof of Lemma 10 According to Lemma 6, for the sequence &' — « in consi-
deration we have limy/ o Ao 0 = Ay . For every G € &, and to every o’
of the sequence choose G’ = G'(G, ) € &, such that limy _,, G’ =G. Set

&.={G'G,d)y . Ge £} C % .

Now replace in Corollary 3 the rotation vector « by «’. Using inequality (12)
and the fact that &5 C % we get
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B(,0)+B(,~B)> Y Bi(Ear )+ Bg(Exp).
G'€Gl,/Top

By standard arguments one shows that the right-hand side gives

lim > B&(Ewp)+Bo(Eawp)= Y. Bi(Eap)+Bg(Eap).

a —

G'eG°,[Top GeZu/ T

The arguments are similar to the one in the proof of Lemma 9, part B) 1. Consider
first the convergence of .#, g to .46, 5 on a compact set of the form Q, with
T > 0 large enough in the sense of (32).

Note that a gap G’ € G2, /I again may approximate with its translates
orthogonal to 3 more than one G € %, /I 5. Since &, /I g precisely consists
of those gaps in %, /I g which approximate some gap G € %, /I g, equality
will hold in the limits o/ — a and 7 — co. We omit the details.

Notice that if 5, is not o/-admissible, the periodicity domain E, 3 may be
defined due to the requirements on ' in exactly the same manner.

Finally, the right hand side of the last equality above is equal to B(q, ) +
B(a, — ) according to Corollary 3. O
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